The exact solutions of spherically symmetric space-times are explored by using Noether symmetries in f (R, φ, X) gravity with R the scalar curvature, φ a scalar field and X the kinetic term of φ. Some of these solutions could represent new black holes solutions in this extended theory of gravity. The classical Noether approach is particularly applied to acquire the Noether symmetry in f (R, φ, X) gravity. Under the classical Noether theorem, it is shown that the Noether symmetry in f (R, φ, X) gravity yields the solvable first integral of motion. With the conservation relation obtained from the Noether symmetry, the exact solutions for the field equations can be found. It is also demonstrated that the approach with Noether symmetries can be regarded as a selection rule to determine the potential V (φ) for φ, included in some class of the theories of f (R, φ, X) gravity.
I. INTRODUCTION
Through the current observations such as Type Ia Supernovae [1] , cosmic microwave background (CMB) radiation [2] , large scale structure [3] , baryon acoustic oscillations (BAO) [4] and weak lensing [5] , it has been revealed that the cosmic expansion is accelerating at the present time as well as in the early universe at the inflationary stage [6] . Two main approaches have been proposed in order to account for the late-time accelerated expansion of the universe. The first is the way of assuming the existence of dark energy in the framework of general relativity. The second is that of modifying the theories of gravitation at the large-scales (for recent reviews on the theories of modified gravity and the issue of dark energy, see, for instance, [7] ).
In addition, more recently, LIGO has detected that in the coalescence phase, strong gravitational waves are emitted by the system of two black holes [8] . The first event was the emission from black holes whose masses are about 30 solar ones and the following ones are those from some-black-holes mergers [9] [10] [11] [12] . Furthermore, strong gravitational waves have been discovered from the two-neutron-stars collision [13] , and this fact led to the multi messenger astronomy.
For f (R) gravity and the scalar-tensor theories [14] , with the Neutron Star Merger GW170817 [13] , the cosmological bounds have been studied. Also, by using GW150914 and GW151226 [9, 15, 16] , the observational constraints on modified gravity theories have been examined [17] . Gravitational waves in the context of modified gravity theories have been analyzed [18] [19] [20] [21] [22] [23] [24] .
Under such current situations, it is very significant to investigate the solutions of spherically symmetric solutions that could describe black holes, which are the sources emitting gravitational waves, in modified gravity theories in detail so that we can find some clues to deduce information of fundamental physics in strong gravity regions.
In this paper, with Noether symmetries, we investigate the exact solutions of spherically symmetric spacetimes in f (R, φ, X) gravity, where R is the scalar curvature, φ is a scalar field, X is the kinetic term of φ, and f (R, φ, X) is a function of R, φ and X [25, 26] . This theory can describe various modified gravity theories including the scalartensor gravity and f (R) gravity. In particular, we adopt the classical Noether approach in order to find the Noether symmetry in f (R, φ, X) gravity. See [27] for some studies related to Noether symmetry approach in modified gravity. As a result, from the classical Noether theorem, it is shown that the Noether symmetry in f (R, φ, X) gravity leads to a kind of the first integral of motion, which are able to be solved, so that we need not to analyze the cyclic coordinate, as explored in detail in Ref. [28] . Thus, we derive exact solutions for the field equations by using the conservation relation coming from the Noether symmetry acquired. Moreover, it is demonstrated that the approach with Noether symmetries can be regarded as a selection rule to determine the potential form V (φ) of φ, which exists in some class of theories described as f (R, φ, X) gravity.
The organization of the present paper is as follows. In Sec. II, we explain f (R, φ, X) gravity in spherically symmetric space-time. In Sec. III, we explore the point-like f (R, φ, X) Lagrangian. In Sec. IV, we investigate the approach with the Noether symmetry. In Sec. V, conclusions are finally presented.
The action that we will consider reads [25] 
where κ 2 = 8πG, L m is any matter Lagrangian and f is a function which depends on the scalar curvature R, a scalar field φ and a kinetic term being equal to
where ǫ is a parameter that if is equal to 1 represents canonical scalar field and equal to −1 represents noncanonical scalar fields. Clearly, the above action has many different scalar tensor theories such as Brans-Dicke types (f (R, φ, X) = γ(φ, X)R) or minimally coupled scalar tensor theories (f (R, φ, X) = α(R) + γ(φ, X)). Variations of the action (1) with respect to the metric yields
whereas variations with respect to the scalar field φ gives
Here, we have assumed the vacuum case where L m = 0 and f R = ∂f /∂R, f X = ∂f /∂X and f φ = ∂f /∂φ. Note that the Schwarzschild solution is the unique spherically symmetric vacuum solution in GR, but this no longer holds in f (R, φ, X) theory of gravity. We also mention here that the vacuum solutions do not necessarily imply a null curvature R = 0 or R = const., which lead to maximally symmetric solutions, to the contrary in GR. The trace of Eq.(3) yields
where = ∇ µ ∇ µ . The latter equation will be useful in studying various aspects of f (R, φ, X) gravity. Let us now consider that the space-time is spherically symmetric such as the metric is
where A(r), B(r) and M (r) are functions of the radial coordinate r. It is easy to see that in this space-time, the scalar curvature is
It is explicitly seen that the energy function E L f vanishes due to the field equation (20) which is obtained by varying the Lagrangian (18) according to the metric variable B. Therefore, the solution of equation E L f = 0 in terms of B is given by (23) . We note that the Hessian determinant of the Lagrangian (18), which is defined by
∂q ′i ∂q ′j , is zero. This is because of the absence of the generalized velocity B in the point-like Lagrangian (18) . It is known that the metric variable B does not contribute to the dynamics due to the point-like Lagrangian approach, but the equation of motion for B has to be considered as a further constraint equation. Thus, the new Lagrangian reads L *
which is not explicitly dependent on r, so it is a canonical Lagrangian, and the quadratic form of generalized velocities A ′ , M ′ , R ′ , φ ′ and X ′ and thus coincides with the Hamiltonian. Therefore, we can consider L as the new Lagrangian with five degrees of freedom. It is interestingly find here that the Hessian determinant of L is still vanishing, which comes from the selection of X as a coordinate of the configuration space. This new Lagrangian has a property that if f (R, φ, X) = F (R), then the Hessian determinant of the Lagrangian is now non-vanishing as it is expected. Therefore it has to be supposed that M (f − Xf X ) + (2 − M R)f R = 0, which is necessary since the above definitions of B, the Eq. (23), and L, the Eq. (28), lose significance. Furthermore, using the Eq. (26) we calculate the energy function for the new Lagrangian (28) and find that
which is explicitly non-vanishing. The new Lagrangian (28) is useful to compare the Noether symmetries obtained in this study with the results of Ref. [28] , where they have been selected families of f (R) models in which the spherical symmetry has been imposed, and searched for exact spherically symmetric solutions in f (R) gravity by requiring the existence of Noether symmetries. In order to facilitate the comparison with the results of Ref. [28] for the power-law form f (R, φ, X) = f 0 R n we use the Lagrangian (28) to compute the Noether symmetries.
IV. NOETHER SYMMETRY APPROACH
In this section, we seek for the condition in order that the Lagrangian density (18) or (28) would admit any Noether symmetry which has a generator of the form
where q i are the generalized coordinates in the d-dimensional configuration space Q ≡ {q i , i = 1, . . . , d} of the Lagrangian, whose tangent space is T Q ≡ {q i , q ′i }. The components ξ and η i of the Noether symmetry generator Y are functions of r and q i . The existence of a Noether symmetry implies the existence of a vector field
where Y [1] is the first prolongation of the generator (30) in such a form
and K(r, q i ) is a gauge function, D r is the total derivative operator with respect to r, D r = ∂/∂r + q ′i ∂/∂q i , and η ′i is defined as
The significance of Noether symmetry comes from the following first integral of motion that if Y is the Noether symmetry generator corresponding to the Lagrangian L(r, q i , q ′i ), then the Hamiltonian or a conserved quantity associated with the generator Y is
where I is a constant of motion or Noether constant. Let us start with the Lagrangian (28), where q i = {A, M, R, φ, X}, i = 1, . . . , 5. Then the Noether symmetry condition (34) for this Lagrangian yields 26 partial differential equations as follows
where
Then we solve the above system of differential equations to get the Noether symmetry
The above system implicitly depends on the form of the function f (R, φ, X) and so, by solving it, we also get a wide class of gravity theories related to the form of f (R, φ, X) which are compatible with spherical symmetry. We point out here that the Noether symmetries for any form of the function f (R, φ, X) are
which are trivial solutions of the above system in any case. In the following we consider some forms of f (R, φ, X) to search the Noether symmetries.
This power-law form of f (R, φ, X) gives the well-known f (R) theory of gravity, and Noether symmetries have been investigated in Ref. [28] . As an example to see how our approach works, we revisit this form of f (R, φ, X). Furthermore, the trace Eq.(5) in this case becomes
which gives R = 0 for n = 1, R = 0 for n = 2, etc. We find from the system (34) that the components of the Noether generator Y for this case are
which yields that Y 1 , Y 2 and
are Noether symmetries. This explicitly represents that there exist extra two Noether symmetries Y 1 and Y 2 in addition to the known one Y 3 found in [28] . The first integrals of the abaove Noether symmetries are
where I 1 is non-vanishing due to the E L = 0. Then, arranging the above first integrals one gets
where n = 1, 2. Solving the third equation of (41) in terms of A, one finds
which has same form obtained in [28] . Due to the previously obtained relation (23) of the metric function B, it takes the form for this case:
We observe here that one can find the metric functions A and B if the functions M (r) and R(r) are known one way or another. One can give so much examples of the exact solutions for the field equations using the above relations (42), (41) and (43). Here the Eqs. (41) are constraint equations to be satisfied. As it was chosen in Ref. [28] , if we take n = 5/4, M (r) = r 2 and R(r) = − 5 r 2 , where the minus sign in R is due to the signature of the metric, then the metric coefficients A and B from the relations (43) and (42) are obtained as
, I 1 = −I 2 k 1 /k 2 and I 3 = −I 2 /2 which comes from the constraint equations (41). The latter solution was already found in [28] . This example represents that the above general solutions for the metric coefficients A and B are generic ones.
For n = 1 (the GR case), i.e., f (R, φ, X) = f 0 R, the reduced Lagrangian and the constraint (23) for B become
which yields that the energy function is E LGR = A B GR . Then we find from the Noether symmetry condition (34) for the above Lagrangian the following Noether symmetries
which gives rise to the following first integrals
Here we point out that the Noether symmetry Y 3 for GR Lagrangian has only been obtained in [28] . Using the above first integrals, the functions A and M together have the Schwarzschild form with some constraints as follows
Thus the standard form of Schwarzschild solution is covered for I 1 = −1, I 4 = 4, I 5 = −4, I 6 = 0, I 8 = 0 and I 2 = 2I 3 = I 7 = 8GM/c 2 , which means that the Noether symmetry relates the first integrals I 2 , I 3 and I 7 with the Schwarzschild radius or the mass of the gravitating system.
For n = 2, the Noether symmetries are Y 1 , Y 2 given in (35) and
with the first integrals I 1 = −E L and
in which the latter first integral yields
with I 3 = 0. Then it follows from the first integrals (54) that
which has a solution
for M (r) = r 2 , where R 0 is an integration constant, α = I 3 − 3I 2 and q = α 3I1 . Thus, using (57) in (55) and
we find
. So we have obtained a complete solution of the quadratic gravity (n = 2) when M = r 2 . As far as we know, this solution is a new exact solution for the quadratic gravity.
. In this case, the existence of a non-trivial Noether symmetry selects the form of potential function V (φ) of the theory, which means that it is possible to find out exact solutions for a given theory with the selected potential. Here the function F takes the form F = 2f 0 + f 1 (1 − q)M X q − M V (φ). Further, the field Eq.(4) and trace Eq.(5) for this case yield
For the potential V (φ) = V 0 (φ + V 1 ) 2q 1−q , we find the Noether symmetries Y 1 , Y 2 given in (35) and
with q = 1. Further, for the potential V (φ) = V 0 (φ + V 1 ) 4q 2−q , it follows that the Noether symmetries are Y 1 , Y 2 , and
where q = 1, 2. For this case, the first integrals of Noether symmetries Y 1 and Y 2 are
which are common for all possible subcases of this case, and give
The above relations require that
The first integrals for (60) and (61) are , respectively
and
Using the relations given in (63), the first integral (65) can be written in the form
where ǫ q = 1 for even q, and ǫ q = ǫ for odd q. This is the Bernoulli differential equation for A, and it has the solution
where µ 1 is the integration factor given by µ 1 = exp (1 − q)I 3 M ′ dr/(I 1 r − I 2 )M , and A 0 is an integration constant. Furthermore, together with (63), the first integral (66) takes the form
which is also a Bernoulli differential equation and has the following solution
where µ 2 is the integration factor given by
and A 1 is an integration constant. Now, we search the Noether symmetries in the following relevant subcases for q = 1, 2.
Subcase (ii-a): q = 1. For this subcase, the field Eq.(4) and trace Eq.(5) for this subcase give
We find that there exists Noether symmetries for the potential V = V 0 (φ + V 1 ) 4 such that Y 1 , Y 2 and
Then the first integrals of this subcase are given by (62) and
Thus, these Noether integrals give rise to the same relation with (63), and
Therefore, for M = r 2 , we find that
where F 0 is an integration constant. Subcase (ii-b): q = 2. In this subcase, the Eqs. (4) and (5) imply that
For
in addition to Y 1 , Y 2 . Here the Noether symmetry (78) can be obtained by taking q = 2 in (60). Corresponding first integrals with the potential V = V 0 (φ + V 1 ) −4 are given by (62), and
Then, using the first integrals of this subcase, we obtain the same form of A and B with (63) and also the following constraint equation:
this equation has the following solution
where A 0 is a constant of integration. Then we find the metric function B through (64) as
For the potential V = V 1 e −V0φ , the first integrals I 1 and I 2 together with E L = ABF 2 gives the same relations obtained in (63) and (64), where
The first integral of Y 3 becomes
which yields
If M = r 2 , then the Eq. (85) gives
where A 1 is an integration constant. Thus it follows from Eq. (64) for B that
For this case, the field Eq.(4) and trace Eq.(5) take the following form
In this case the potential of the corresponding theory will be V (φ) = V 0 φ q(2n−m) n−q with n = q, and it is obtained the Noether symmetries for this potential such that Y 1 , Y 2 given by (35) and
which have the Noether integrals
where ℓ and p are defined as ℓ = 2−n+
. The above relations give
where A 0 is an integration constant, ℓ = 0, and R 1 (r) = exp ǫf1(n−q) 2f0ℓn
dr . It is seen that this case is a generalization of the previous case.
Here, the field Eq. (4) and trace Eq. (5) become
For this case, we have the Noether symmetries Y 1 , Y 2 and
with q = 0. Then the first integrals corresponding to the above symmetries are
Then we solve the above equation (100) in terms of A and find
where A 1 is an integration constant, and
This solution reduces to the solution of case (i) for A given in (42) if f 1 = 0 and I 4 = 0.
Case(v): f (R, φ, X) = U (φ, X) R. This case gives a Brans-Dicke type action, where the coupling to the Ricci curvature also includes the kinetic term of the scalar field φ. Then we select some form of the function U (φ, X) to search the Noether symmetries.
The field Eq.(4) and trace Eq. (5) in this subcase have the form
For this subcase, when W (φ) is an arbitrary function of φ, it is found that the Noether symmetries are Y 1 , Y 2 by (35) and
The corresponding first integrals of these symmetries become
Solving the first integral (106) in terms of A it follows that
and combining (105) yields
where A 0 is a constant of integration. Considering these results one can derive some exact solutions of the field equations. As an example of the above solution, if we take q = 1/4, M (r) = r 2 and R = α/r 2 , then the relations (107)-(109) give
where p =
, and K 1 , K 2 are constants defined by
. Considering the definition of R given by (7) to satisfy R = α/r 2 , we find that ℓ = −1/3 and K 1 = 1 − α/2 for p = 3 which means A = 
This subcase has also Noether symmetries Y 1 , Y 2 given in (35) and Y 3 with
For the first integrals of the Noether symmetries Y 2 , ..., Y 9 , one can get the following relations
with V = V 0 r − V 1 . Then, it is obtained for B from the first integrals I 2 , I 3 , I 4 and I 9 that
where K 0 is a constant defined by K 0 = V 1
I1
V0 − I 2 + I 3 + 2I 4 − I 9 . Thus, the first integrals I 2 and I 3 in (124) yield
where B 0 , B 1 are constants of integration. Furthermore, after some algebra, we find from the first integrals (124) the following constraint relations 
Then, using the latter R in Eqs. (123) 
which is a new solution for M = r 2 . Some other solutions could be produced from the constraint equation (127) if we choose an integrable function of M in it.
